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Abstract. As the title suggests we try to answer a question pertinent to
models of fundamental fermions in a world of high dimension. As will be
shown, ten extra dimensions are needed to accommodate quarks and leptons
of one generation in a single spinor space. We thus propose to think of a
spinor as a direct product of a Dirac spinor with another spinor, naturally
associated with the Riemannian geometry of the internal space. One attrac-
tive feature is avoidance of mirror fermions. Along the way we encounter the
combined spin group SL(2,C)×Spin(10), possibly a symmetry group for uni-
fication theories beyond the Standard Model. Finally, we present arguments
to support a special choice of the geometry.
1 Introduction
Enlarging spacetime seems to be an active field of research nowadays. Visitors
to the arXiv server from Cornell will be treated to an abundance of wildly
diverging theories which involve extra dimensions varying in number and
size. At present it is not clear which of these models will succeed in the end.
With experimental capabilities being limited a definite answer will certainly
take time. The basic idea, which originated decades ago in work by Kaluza
[1] and Klein [2], is likely to haunt our dreams for many more years with no
prospect of ending any time soon. At the same time the physicist must keep
pace with an ever growing mathematical literature concentrating solely on
algebraic and geometrical issues. And with it grows the risk of frustration.
While the initial motivation for studying extra dimension was the unifi-
cation of gravitation and electromagnetism, many more reasons why extra
dimensions ought to be taken seriously have been stated lateron leading to a
revival of interest and research in this field. At issue, however, is more than
just the “bottom up approach” to unification. Notably, string theory striv-
ing for quantum gravity can consistently be formulated in spaces with six or
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seven extra dimensions. These extra dimensions, suitably compactified on
the Planck scale, remain unobservable in laboratory experiments. Though
unobservable, the proposed structure is carefully motivated and provides new
physical insight. The impact of string theory on our way of thinking cannot
be overestimated.
Research has exceedingly been activated by ideas put forward by Arkani-
Hamed, Dimopoulos, and Dvali [3] who addressed the Higgs mass hierachy
problem by introducing large extra dimensions at millimeter level. The pro-
posed models were immediately brought in contact with superstrings [4],
while soon after Randall and Sundrum [5] proposed warped large extra di-
mensions, also aiming at solving the hierarchy problem. Here the internal
manifold should become visible if one probes the model at short distances of
the order given by the (macroscopic) compactification scale. Indeed, it has
been suggested to probe such a scenario with neutrinos [6][7].
The idea that spacetime is but a surface embedded in some higher di-
mensional space has a long history. See for instance [8] and [9]. It leads
to the concept of braneworlds. While fermions live on the brane and even
gauge fields are prevented from propagating away from it, gravitons extend
into the bulk. The major problem here is to obtain 4-dimensional gravity on
the brane. Properties of D-branes in the context of closed strings have been
discussed by Polchinski [10].
In addition, theories have been proposed where the internal space is no
longer compact but has an infinite volume [11] to solve the problem of the
cosmological constant [12] [13] and the accelerating Universe. For a review
see the ICTP Lectures by Gabadadze [14].
2 Motivation
As a gauge theory the Standard Model of elementary particle physics is based
on some Lie group G with Lie algebra
LieG ∼= su(3)⊕ su(2)⊕ u(1) . (1)
and in [15] it was explained why the choice
G = S(U(3)× U(2)) (2)
is more than an educated guess, but seems preferred from the physics point of
view. The group G is connected but not simply connected: its fundamental
group is pi1(G) = Z. The embeddings
G ⊂ SU(5) ⊂ U(5) ⊂ SO(10) ⊂ E8 (3)
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may be relevant to model building if one wants to go beyond the Standard
Model. With G acting on C5 one then finds that the exterior algebra
∧
C5,
considered as a complex linear space of dimension 25, ist best suited to unify
leptons and quarks (together with their antiparticles) of one generation in a
single, albeit highly reducible representation of the gauge group G. Again,
we refer to [15] for details and the absence of anomalies.
Though we see faintly and partly the mathematical structure, the physical
role of the space C5 remains mysterious. From the huge set of possible
representation spaces, why does nature choose the space
∧
C5 which is neither
irreducible under G nor under the larger group SU(5), the candidate for
grand unification? Does C5 have its origin in geometry and an interpretation
in terms extra dimensions? The idea we want to pursue borrows from the
theory of spinor bundles. For this purpose let the physical space be a direct
product
M =M1 ×M2 (4)
of two manifolds where M1 is the 4-dimensional spacetime, visible on large
length scales, whereas M2, often called the internal manifold, arises from a
compactification of extra dimensions on small scales. For laboratory expe-
riments it suffices to assume that M1 coincides with its tangent space, the
Minkowski space. Thus, bundles on M1 will be trivial, and all subtleties
and difficulties are encountered in the internal manifold. Let M2 carry a
Riemannian metric and let its dimension be even, say 2n.
The Clifford algebra concept enters naturally into Riemannian geometry
and leads to basic topics like spin geometry und Dirac operators. Focussing
on the cotangent bundle leads to a number of constructions. For instance,
one may associate a Clifford algebra to each point p ∈M2 and its cotangent
space. The collection of these algebras then forms the Clifford bundle C(M2).
The concept of spinors may be generalized, i.e., there is, at each point p ∈M2,
a complex linear space Sp of dimension 2
n on which the Clifford algebra of
that point acts irreducibly. However, there may be a topological obstruction
to construct spinor spaces globally and smoothly so as to get a spinor bundle
S2. Hence, we need a further assumption: M2 has a spin structure.
We adhere to the conception that fundamental fermions are described by
some spinor field ψ where “spinor” refers to the underlying manifold, in our
case the direct product of M1 and M2, and thus can be thought of as an
element of the tensor product
S = S1 ⊗ Sp , dimS = 22 · 2n = 2dimM/2 (5)
where S1 is the complex linear space of Dirac spinors obtained from the
Minkowski metric onM1. To accommodate leptons and quarks of one gener-
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ation in a single spinor, we need only identify Sp with
∧
C5, thus assum-
ing n = 5. This forces us to require that the internal manifold M2 be
10-dimensional. The present setting leads to a change of our views on fun-
damental fermions and suggests a new and unusual interpretation of their
degrees of freedom. For instance, what distinguishes leptons from quarks,
what we call color and weak isospin is now thought of as some sort of polar-
isation referring to the internal manifold, quite similar to the notion of spin
polarisation which relates to Minkowski spacetime.
The isomorphism Sp ∼=
∧
C5 should not come as a surprise. It is nobody’s
secret that every spinor space arises as the underlying linear space of some
complex exterior algebra. Therefore, its dimension is always a power of
two. Such point of view leads us to introduce the real-linear 10-dimensional
Euclidean space E10 with some complex structure, i.e., there is some real
orthogonal transformation J : E10 → E10 satisfying J2 = −id. Consequently,
J has eigenvalues ±i in E10⊗C and eigenspaces V and V ∗ of equal dimension
such that
E10 ⊗ C = V ∗ ⊕ V, J = i (−i) on V (V ∗) .
Given some basis in V we may identify V with C5 and
∧
V with
∧
C5. The
above decomposition of the complexified E10 is called a polarisation of E10.
It is characteristic of a polarisation that the spaces V and V ∗ are isotropic in
the following sense. The Euclidean metric on E10 extends to some complex
bilinear form ( , ) on E10⊗C such that (v, v) = 0 whenever v ∈ V or v ∈ V ∗.
As suspected, polarisations of E10 are abundant. There are as many
polarisations as there are complex structures on E10. If we have made one
such choice for J , then conjugating J by elements of SO(10) will produce
all other choices. Also, conjugation by elements of U(5) leaves the previous
choice unaltered. Hence, the set of all all complex structures is naturally
parametrized by the coset space SO(10)/U(5). Since our objective is to
obtain a canonical polarisation, we assume J to be fixed once and for all.
One takes S2 =
∧
V as the spinor space associated to the Euclidean space
E10 and justifies this definition by giving S2 the structure of an irreducible
Clifford module, in fact a standard two-steps process. First, one constructs
the real Clifford algebra C(E10) over E10 with canonical injection E10 →
C(E10). Second, one provides a Clifford map
1
E10
c−→ EndS2 .
As it turns out, the canonical extension
C(E10)⊗ C c−→ EndS2
1This is a map satisfying c(v)2 = −(v, v) for all v ∈ E10 .
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is an algebraic isomorphism. Details of this construction may be found in
the mathematical literature [25]. For a short account, mainly to serve the
needs of physicists, see [26].
Once we accept the idea of having as many as ten extra dimensions,
the afore mentioned mystery has been unveiled. The message seems to be
that the space
∧
C5, used to describe the internal degrees of freedom of each
fermion generation, is in fact a spinor space, and C5 should be thought of as
the positive part of a polarisation of T ∗pM2, the cotangent space of the internal
manifold at a given point p ∈ M2. The polarisation is canonical whenever
T ∗pM2 carries a complex structure. If there is a bundle automorphism J :
TM2 → TM2 satisfying J2 = −id, the manifold is said to carry an almost
complex structure. Since each cotangent space inherits the complex structure,
our previous analysis applies.
It is tempting to assume that the internal manifold M2 is a Ka¨hler man-
ifold. We remind the reader that a Riemannian metric ( , ) on M2 is said to
be Ka¨hlerian if J is pointwise orthogonal, that is we have
(v, w)p = (Jv, Jw)p , v, w ∈ TpM2
at all points p ∈ M2, and if ∇J = 0 where ∇ denotes the Levy-Civita
connection of the underlying Riemannian structure. It is known that the
almost complex structure of a Ka¨hler manifold is always integrable, meaning
it comes from a system of local complex coordinates which are holomorphi-
cally related (i.e., transition functions between different coordinate patches
are holomorphic). Among the variety of compact complex manifolds carry-
ing a spin structure we find the projective spaces CPn provided the complex
dimension n is odd. The projective 3-space CP3 has been used in Penrose’s
twistor approach to the analysis of field equations on spacetime. The projec-
tive 5-space CP5 might be a candidate for our purposes. It is also known that
any compact complex manifold, which can be embedded in CPn for some n,
is in fact a Ka¨hler manifold.
Embedded in the Clifford algebra C(E10) is a simply connected Lie group
Spin(10) = SpinE10
called the spin group associated with the Euclidean space. The canonical
injection E10 → C(E10) allows us to think of the Euclidean space as part
of the algebra. The spin group acts on C(E10), hence on E10 through the
adjoint representation. As the action preserves the Euclidean structure, we
have a short exact sequence
1 → Z2 → Spin(10) → SO(10) → 1
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(Z2 = {±1}) telling us that Spin(10) is the universal covering group of the
orthogonal group SO(10). Though the Clifford algebra acts irreducibly on
the spinor space S2, the spin group does not. It will later be shown how∧
C5, the unifying space of quarks and leptons, decomposes under the action
of Spin(10). It may then be interesting to learn that the spin group mixes
leptons and quarks, particles and antiparticles, but respects the chirality. We
also remind the reader that, with regard to the external space, the spin group
is SL(2,C) acting reducibly on S1, the space of Dirac spinors. If, however,
one prefers to work with the Euclidean 4-space in place of the Minkowski
space, as is often the case in field theory, then the spin group would be the
compact group SU(2)× SU(2).
Our assumption that there be a spin structure means that there exists a
principle Spin(10)-bundle Spin(M2) such that the cotangent bundle arises as
an associated bundle with E10 as fiber space:
T ∗M2 = Spin(M2)×Spin(10) E10 .
Among the consequences is the observation that the manifold M2 is oriented
with frame bundle
SO(M2) = Spin(M2)×Spin(10) SO(10)
which doubly covers the principle Spin(10)-bundle. Many other bundles are
constructed as associated bundles. For instance, the Clifford bundle may
now be written as
C(M2) = Spin(M2)×Spin(10) C(E10) .
With the spinor space S2 carrying an irreducible representation of C(E10),
there is an implied irreducible action of the Clifford bundle on the spinor
bundle
S2 = Spin(M2)×Spin(10) S2 . (6)
Unfortunately, it may happen that there exist several inequivalent spin struc-
tures on M2, hence different principal bundles Spin(M2). However, if M2 is
simply connected (as will be assumed), the spin structure is unique.
3 Z2-Grading and Chirality
To this point we have paid little attention to the structure of spinor spaces
although we expect the reader to be familiar with the notion of chirality, i.e.,
the physical interpretation of the eigenvalues ±1 of the γ5 matrix acting on
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S1, the complex four-dimensional space of Dirac spinors. Abstractly speaking
we may say that S1 is Z2-graded:
S1 = S
+
1 ⊕ S−1 , γ5 = ±1 on S±1 . (7)
If a spinor belongs to S±1 , it has a definite chirality and is called a Weyl
spinor. Weyl spinors in S+1 are said to be right-handed, those in S
−
1 left-
handed. One of the most striking phenomena in particle physics is the fact
that the fundamental fermion fields entering the Lagrangian are grouped
according to their chirality, that is they take values either in S+1 or in S
−
1 .
Our aim is to demonstrate that there is another chirality operator on
S2, the analogue of γ5, giving S2 a Z2-graded structure, and to explore the
physical relevance of this fact. Namely, with respect to an orthonormal basis
{ei}10i=1 in E10 we define the chirality operator as
Γ = ie1e2 · · · e10 ∈ C(E10)⊗ C .
The factor i in front has been chosen so as to guarantee that Γ2 = 1. It is
only for this factor that we passed to the complexified Clifford algebra. The
question arises whether the definition of Γ depends on our choice of the basis.
Suppose {e′i}10i=1 is another orthonormal basis in E10 and
Γ′ = ie′1e
′
2 · · · e′10 .
Then there exists a matrix A ∈ O(10) that relates the new basis to the first
one, and it is quickly realized that Γ′ = (detA)Γ where detA = ±1. Given
some orientation of E10 and requiring that all bases be oriented, there will
be no ambiguity since A is then restricted to SO(10).
Recall now that E10 is assumed to carry a complex structure. We may
thus choose a basis satisfying
Jek =
{
ek−1 if k is even
−ek+1 if k is odd
which gives the Euclidean space a canonical orientation. Moreover,
ek =
1√
2
(e2k−1 + ie2k) (k = 1, . . . , 5) (8)
becomes a basis in V . The induced basis eI in
∧
V is given by
eI = ei1 ∧ · · · ∧ eik ∈
∧kV, I = {i1, . . . , ik}, i1 < · · · < ik, 0 ≤ k ≤ 5
where I runs over all subsets of {1,2,3,4,5} including the empty set. This
establishes the isomorphisms V ∼= C5 and ∧V ∼= ∧C5.
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The action of Γ on the spinor space S2 leads to a Z2-graded structure,
S2 = S
+
2 ⊕ S−2 , Γ = ±1 on S±2 , (9)
quite analogous to the decomposition S1 = S
+
1 ⊕ S−1 for the space of Dirac
spinors. Before showing its physical significance we point at an apparent
dilemma. For there seem to be two conflicting Z2-structures on S2, one given
by the chirality operator Γ and another one induced by the exterior algebra
structure:
S2 =
∧+V ⊕∧−V , ∧+V = ∑
k=even
∧kV , ∧−V = ∑
k=odd
∧kV
It may be checked, however, that these two gradings coincide, i.e., S±2 =∧±V . This in particular implies that the spaces S±2 have same dimension
and so
dimS±2 = 2
5/2 = 16 .
For a proof see [26].
We continue by pointing at the Z2-graded algebra structure of C(E10),
that is we have the decomposition
C(E10) = C
+(E10)⊕ C−(E10)
into subspaces of equal dimension and
C+(E10)C
±(E10) ⊂ C±(E10) , C−(E10)C±(E10) ⊂ C∓(E10) .
To be more specific, C±(E10) is created by even resp. odd powers of its
generators ek, and C
+(E10) includes the real numbers as a subalgebra. We
also point at the obvious fact that C+(E10) is a subalgebra while C
−(E10) is
not, and
Spin(10) ⊂ C+(E10) .
Furthermore, the action of the Clifford algebra on the spinor space respects
the grading in the sense that
C+(E10)S
±
2 ⊂ S±2 , C−(E10)S±2 ⊂ S∓2 .
This follows easily from the observation that the chirality operator Γ anti-
commutes with the generators ek. Since S
+
2 and S
−
2 are invariant subspaces
under C+(E10), they are also invariant under Spin(10). It is a general fact
that, for models based on an even dimension (10 in our case), the represen-
tation of the spin group on the spinor space commutes with the chirality
operator.
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To summarize, there is a 16-dimensional representation of Spin(10) on
S+2 and another one on S
−
2 . Both representations are irreducible. Since the
action of Spin(10) on S2 respects its grading, we may define
S
±
2 = Spin(M2)×Spin(10) S±2
which gives the spin bundle the induced graded structure.
4 Avoiding Mirror Fermions
There is an obvious and simple prescription for constructing tensor prod-
ucts of graded spaces giving the product an induced grading. Applying this
prescription to the spinor space S = S1 ⊗ S2, connected with the manifold
M =M1 ×M2, leads to the grading S = S+ ⊕ S−, where
S+ = (S+1 ⊗ S+2 )⊕ (S−1 ⊗ S−2 )
S− = (S+1 ⊗ S−2 )⊕ (S−1 ⊗ S+2 ) ,
and to yet another concept of “chirality” or “parity”, inferred from the Z2-
graded structure of the total spinor space S. How will this new type of
parity of elementary fermions manifest itself? By appeal to experience (see
[15] for details), fermions in S+2 are right-handed while those in S
−
2 are left-
handed. So their Dirac spinors lie in S+1 and S
−
1 respectively, meaning that
fundamental fermions are confined to S+. We emphasize that this follows
solely from the existing experimental data.
If we were to introduce yet another family of fermions with degrees of
freedom described by the complement S−, it would mean that we allow for
so-called mirror fermions. The occurrance of mirror fermions is frequent
feature of family unification schemes, especially when E8 is taken as the
unification group [16]. It is known, however, that the presence of mirror
families is in conflict with experiment and also leads theoretical difficulties
[17].
Placing all fundamental fermions into the subspace S+ ⊂ S does not
imply that its complement S− is irrelevant, i.e., plays no role in the Standard
Model as a field theory. For there are operators of odd type in the theory,
like the Dirac operator, that pass from S+ to S− and vice versa.
Let us now look at the two subspaces of S+ and the fermions they describe,
restricting attention to the first generation. We place 16 right-handed Weyl
spinors into S+1 ⊗ S+2 corresponding to 8 matter fields
(νe, e, u, d)R
9
and 8 antimatter fields2
(νce , e
c, uc, dc)R
(counting the color degrees of freedom of u and d quarks). We then place
16 left-handed Weyl spinors into S−1 ⊗S−2 which also correspond to 8 matter
fields
(νe, e, u, d)L
and 8 antimatter fields
(νce , e
c, uc, dc)L .
Effectively, we have placed all 16 right-handed (anti)matter fields into one
irreducible representation of the product spin group
SL(2,C)× Spin(10)
and all 16 left-handed (anti)matter fields into another irreducible representa-
tion of the same group. This is almost in accordance with previous SO(10)
grand unification models [18] [19], except that we have chosen a slightly dif-
ferent assignment of particles and Weyl fields leaving their quantum numbers
unchanged3.
For the convenience of the reader we shall now recall the formalism and
some of the results of [15] where the assumption was that the symmetry
group is G = S(U(3)× U(2)). As a subgroup of SU(5) it acts naturally on
∧
C
5 =
∧
(C3 ⊕ C2) = ∧C3 ⊗ ∧C2
with irreducible subspaces
∧p
C3 ⊗∧qC2 labelled by
p ∈ {0, 1, 2, 3} q ∈ {0, 1, 2} .
Their dimensions are given as (3
p
)(2
q
). Leptons, identified as color singlets,
have p = 0 or 3, while quarks, being color triplets, have p = 1 or 2. On
the other hand, the group SU(2) of weak isospin generates singlets (q = 0
2The superscript c means passage to the conjugate field (changing from particles to
antiparticles).
3Quark-lepton unification has a long history. The first attempt in this direction was
made by Pati and Salam [20] and independently by Georgi and Glashow [21] in 1974. In
the latter proposal the fermions in {5} = ∧1C5 were chosen right-handed, those in {10} =∧2
C5 left-handed. The trivial representation of SU(5) on {1¯} = ∧5C5 corresponding to
the right-handed neutrino entered the scene one year later [22][23] when SO(10) was the
group of choice. From then on it was understood that all 16 left-handed fundamental Weyl
spinors of the Standard Model form the space {1}+{10}+{5¯} = ∧0C5⊕∧2C5⊕∧4C5 =∧+
C5, whereas we decided to put all 16 right-handed Weyl fields in that space.
10
or 2) and doublets (q = 1). One of the outstanding features of the Standard
Model is that p and q already determine the chirality as (−1)p+q, for we have
∧+
C
5 =
∑
p+q=even
∧p
C
3 ⊗∧qC2 , ∧−C5 = ∑
p+q=odd
∧p
C
3 ⊗∧qC2 .
The hypercharge obeys the fundamental relation
Y =
2
3
p− q
giving fractional values to quarks and integer values to leptons. Note that, in
this discussion, we have treated matter and antimatter on the same footing.
Nevertheless, there is a parity which distinguishes these two:
p = even: matter , p = odd: antimatter .
Note also that the gauge group G acts trivially on the one-dimensional spaces∧0
C5 and
∧5
C5 connected to the right-handed neutrino and left-handed an-
tineutrino respectively. Consequently, the Weyl fields involved do not interact
with the gauge fields.
5 The Fundamental Fermion Field Operator
Needless to say that our interest lies in the Standard Model as a quantum
field theory rather than in the pre-quantized version of it. The problem we
therefore face is this. While the assumed first-generation fermion field ψ1(x)
is a fixed operator, all that can vary is the state Φ, member of a one-particle
Hilbert space H . So far we have been rather vague about the connection of
the operator, the state, and the spinor space. The following should be clear.
What assumes different values in S+ is not the field ψ1(x) but rather the
wave function Φ(x) (a spinor) of the one-particle state obtained from ψ1 as
a “matrix element”:
Φ(x) = (Ω, ψ1(x)Φ) ∈ S+
where Ω represents the vacuum. As we vary x ∈M1 and Φ ∈ H , any spinor
Φ(x) ∈ S+ can be reached. In a pre-quantized formulation of particle physics
one deals with the one-particle spinor wave functions Φ(x) exclusively.
It is common practice to assume global gauge transformations g ∈ G to be
unitarily implemented in the Fockspace
∧
H (the completion of the exterior
algebra over H) such that, for all g ∈ G and Φ,Φ′ ∈ ∧H ,
(U(g)Φ′, ψ1(x)U(g)Φ) = D(g)(Φ
′, ψ1(x)Φ)
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where g 7→ D(g) is the relevant matrix representation of G on S+. The latter
property is equivalently stated as a covariance property of the field operator,
U(g)−1ψ1(x)U(g) = D(g)ψ1(x) ,
which ultimately justifies the usage the field ψ1 takes values in S
+, and by
abuse of notation we shall write ψ1(x) ∈ S+. More generally, we adopt the
following usage.
If a field is said to be section of a vector bundle, this will be short
for saying that all matrix elements with respect a dense set of
states are smooth sections.
The most striking feature of Standard Model is the triple repetition of a
concept called generation. Various models beyond the Standard Model have
been proposed to explain why there are precisely three generations, also called
families [24]. Here we shall not pursue the idea that the family structure arises
from a large group representation but assume that it comes from topology.
In a conventional formulation one would work with 3 · 16 fermion fields,
formally sections of the trivial spinor bundle
S1 =M1 × S1 .
As Weyl fields they are in fact sections of either S+1 or S
−
1 . Then one groups
family members (plus their charge conjugates) together to obtain three fields
taking values in S+, each field describing one family. The next logical step
towards family unification is to introduce but one field ψ referred to as the
fundamental field, formally a section of the positive part of the combined
spinor bundle over M ,
S
+ = (S1 ⊗S2)+ .
In less abstract terms it means
ψ(x, p) ∈ (Sx ⊗ Sp)+ (x ∈M1, p ∈M2)
where Sx = S1 for all x as the bundle S1 is trivial, and Sp is the fiber of
the spinor bundle S2 at the point p ∈ M2. Note that, though Sp and S2
are isomorphic, there exists no canonical isomorphism between the two if the
spinor bundle S2 is non-trivial. However, given a section of the frame bundle
SO(M2) (consistent with the complex structure), it will at once lead to the
identification
Sp = S2 =
∧
C
5 .
No attempt is made here to write down an action integral for ψ, nor do we
offer an explanation how the known particles arise as exitations with a huge
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hierarchy of masses. We have a vague idea though for what might be the
origin of the family structure: each family corresponds to some fixed point
p ∈M2 of some automorphism group of the internal manifold.
6 Ka¨hler, Calabi-Yau and Beyond
The best understood complex manifold is Cn though it is embarrassingly
simple. At each point, dz1, . . . , dzn form a basis for the cotangent space.
With its standard metric
g = |dz1|2 + · · ·+ |dzn|2 , (10)
the related Ka¨hler (1, 1)-form
ω =
i
2
(dz1 ∧ dz¯1 + · · ·+ dzn ∧ dz¯n) (11)
and the holomorphic volume (n, 0)-form
Ω = dz1 ∧ · · · ∧ dzn (12)
the space Cn provides the simplest example of a Ka¨hler manifold with holo-
nomy group SU(n). Generally speaking, the holonomy group is a global
invariant of a Riemannian 2n-manifold. It is a subgroup of O(2n), or of
SO(2n) if the manifold is oriented. Generic Ka¨hler metrics on a complex
manifold have holonomy U(n) ⊂ SO(2n), and a Calabi-Yau n-fold may be
characterized as a compact Ka¨hler manifold with holonomy SU(n). See [27]
for details.
The question arises whether there is a geometry beyond Ka¨hler and
Calabi-Yau, whose holonomy group is the gauge group (2) of the Standard
Model. For this purpose let us write
dzI = dzj1 ∧ · · · ∧ dzjr , |I| = r
whenever I = {j1, . . . , jr} and 1 ≤ j1 < · · · < jr ≤ n. In addition to (10),
(11), and (12) we require that the (n− 1, n− 1)-form
Θ =
∑
|I|=n−1
σI dzI ∧ dz¯I (13)
be invariant, where σI is the sign of the permutation taking {Ic, I} to its
normal order {1, 2, . . . , n} and Ic is the complement of I. As |Ic| = 1 in (13),
Ic = {j} for some j ∈ {1, . . . , n} and σI = (−1)j . Let
dz′k = u dzk , u ∈ GL(n,C) (k = 1, . . . n)
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be a change of the basis and consider the induced change of Θ:
Θ′ =
∑
|I|=n−1
σIdz
′
I ∧ dz¯′I .
From the defining relation
ucdzk1 ∧ dzk2 ∧ . . . ∧ dzkn = dzk1 ∧ udzk2 ∧ . . . ∧ udzkn
for the cotranspose4 uc = (ucji) and u
cdzi =
∑
j u
c
jidzj we obtain
dzi ∧Θ′ ∧ dz¯k = ucdzi ∧Θ ∧ u¯cdz¯k =
(∑
j u
c
ji(−1)j+n−1u¯cjk
)
Ω ∧ Ω¯ .
If u ∈ GL(n,C) preserves Θ, then
∑
j
u¯cjk(−1)jucji = (−1)kδik
or, written in a matrix notation,
uc∗Quc = Q , Qik = (−1)kδik . (14)
The Theorem of Laplace, ucu = uuc = (det u)1l, allows to rewrite the above
condition as
|det u|2Q = u∗Qu . (15)
Recall now that u preserves (10), (11), and (12) iff u ∈ SU(n). As follows
from (15), it also preserves (13) if u commutes with Q and hence with the
projections P± = 1l ± Q. Together, these conditions describe precisely the
group elements
u ∈ G =
{
S(U(m)× U(m)) if n = 2m
S(U(m+ 1)× U(m)) if n = 2m+ 1.
Basis elements with even resp. odd indices span invariant subspaces corre-
sponding to the projections P±; e.g. for n = 2m+ 1, we let
U(m+ 1) act on (dz1, dz3, . . .)
U(m) act on (dz2, dz4, . . .).
The ideas presented here carry over to Calabi-Yau n-folds with a G-structure.
4This familiar concept in algebra comes under various names. The name cotranspose
is taken from Bourbaki [28].
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In more detail:
A G-structure on a complex n-fold is a principal G-subbundle
of the frame bundle. Each G-structure gives rise to a quadrupel
(g, ω,Ω,Θ), such that every cotangent space admits an isomor-
phism with R2n identifying (g, ω,Ω,Θ) with the standard quadru-
pel given by (10), (11), (12), and (13).
Note that dω = dΘ = dΩ = 0 always and
ωn = n!(−1)n(n−1)/2(i/2)n Ω ∧ Ω¯ .
Finally, it is easily checked that
ω ∧Θ =
{
−Ω ∧ Ω¯ if n =odd
0 if n =even
The emerging picture is this: a suitable complex 5-fold within this category
might play the role of the internal manifold M2.
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